A recent effort used two rational maps on the Riemann sphere to produce polyhedral structures with properties exemplified by a soccer ball. A key feature of these maps is their respect for the rotational symmetries of the icosahedron. The present article shows how to build such "dynamical polyhedra" for other icosahedral maps. First, algebra associated with the icosahedron determines a special family of maps with 60 periodic critical points. The topological behavior of each map is then worked out and results in a geometric algorithm out of which emerges a system of edges-the dynamical polyhedron-in natural correspondence to a map's topology. It does so in a procedure that is more robust than the earlier implementation. The descriptions of the maps' geometric behavior fall into combinatorial classes the presentation of which concludes the paper.
Overview
A polynomial map on the projective space CP 1 -the Riemann sphere-is given by an ordered pair of polynomials f (x, y) = (P(x, y), Q(x, y)).
Being well-defined on the complex projective line requires the coordinates (x, y) to be homogeneous, meaning that each term in P and Q has the same total degree-the sum of the exponents. This total degree is the degree of f . By introducing an inhomogeneous coordinate z = x y , we can express f as a rational map in one variable on the space C = {(x, y) | y = 0}: f (z) = P(z, 1) Q(z, 1) .
At the core of the quintic-solving algorithm devised by Doyle and McMullen is the dynamics of a special rational map with the symmetries of the icosahedron [1] . Their degree-11 map on the Riemann sphere has a critical set that coincides with the 20 vertices of the regular dodecahedron-a special icosahedral orbit. There is also a map of degree 19 under which the 12 icosahedral vertices are critical.
A key property of these maps is a strong form of critical-finiteness: the critical points are periodic. The critical set of a map f = (u, v) consists of the points (a, b) where no neighborhood exists on which the map is invertible, a condition equivalent to ∂u ∂x (a, b) = ∂v ∂x (a, b) = 0.
The behavior of a map's critical orbit-where the critical points go when the map is applied iteratively-bears strongly on the map's global dynamics (See [2] , Chapter 9). In the particular case of periodic critical points, their basins of attraction have full measure on the sphere. An attracting cycle's basin of attraction contains all points whose dynamical orbits asymptotically approach the cycle. Moreover, each map gives rise to a forward invariant polyhedral structure of edges relative to which the map has an elegant geometric description. Due to the critical sets' achiral arrangements, the edges lie along great circles of reflective icosahedral symmetry. Indeed, the maps are also symmetric under reflection along the edges. Associated with the "11-map" is a dodecahedron and with the 19-map an icosahedron.
A recent unexpected discovery revealed the existence of two icosahedrally-symmetric maps with periodic critical sets of generic size, that is, each critical set is a 60-point orbit under the icosahedral group [3] . The configurations of critical points take the form, in one case, of a soccer ball's vertices and, in the other, of the vertices on a type of dual soccer ball. For a 60-point critical set, the core question of the current investigation is whether there are dynamically natural edges between the vertices. A combinatorial structure of this kind has two important properties: (1) invariance as a collection of points when the respective map is applied and (2) the wherewithal for describing in geometric terms the respective map's behavior. The previous effort showed a way of constructing such a "dynamical polyhedron" for the soccer-ball map.
In the present undertaking, we will determine all icosahedral maps with internally periodic critical sets of size 60; 'internal' means that the map permutes the critical points. We then study two special cases in some detail, describing the dynamical behavior in geometric terms. Subsequent discussion turns to the heart of the problem: edge-constructions for dynamical polyhedra. The critical sets, hence the systems of edges, for most of the maps form chiral configurations.
On terminology and graphics: "Facts" and graphical output are computational results generated by Mathematica. Notebooks that implement the construction are available at [4] .
Preliminaries: Icosahedral Geometry, Invariants, and Equivariants
Detailed descriptions of the geometric and algebraic structures associated with the icosahedron appear elsewhere [1, 5] . For a brief summary of the relevant background, see [3] . The features essential to the topic at hand will now be discussed.
First, choose coordinates in CP 1 so that a pair of antipodal icosahedral vertices are at [0, 1] and [1, 0] where square brackets indicate projective coordinates; that is, the point
in CP 1 is an equivalence class in C 2 . Using an inhomogeneous coordinate z on the complex line {y | y = 0} such that
the respective locations of these two vertices are 0 and ∞. Rendered on the sphere, the two points can be taken to be the south and north poles. Placing a third vertex on the real axis at 1+ √ 5 2 determines the locations of the remaining vertices:
By taking triples of vertices that belong to a face of the icosahedron, we obtain 20 face-centers. Similarly, from pairs of vertices that are endpoints of icosahedral edges that bound a face, we compute 30 edge-midpoints.
Taking the set V to be the regular icosahedron, its orientation-preserving symmetries form a group consisting of 60 rotations that act on the Riemann sphere CP 1 . The icosahedral group I is isomorphic to the alternating group A 5 . Furthermore, I can be extended by a reflection through a great circle to a group I of 120 transformations half of which are orientation-reversing-that is, anti-holomorphic.
The I-invariant polynomials form an algebraic object known as a ring. Three forms F, H, and T generate this ring. Each generator vanishes on a special icosahedral orbit, that is, F = 0 at the vertices, H = 0 at the face-centers, and T = 0 at the edge-midpoints. Accordingly, the generating invariants have respective degrees 12, 20, and 30. Since I permutes the vertices, the polynomial F(x, y) that takes the value zero exactly at each vertex is I-invariant. That is,
for all A ∈ I.
In homogeneous coordinates,
F(x, y) = xy(x 10 − 11x 5 y 5 − y 10 ).
Applying the same reasoning to the face-centers and edge-midpoints yields I-invariants of degrees 20 and 30:
H(x, y) = x 20 + 228x 15 y 5 + 494x 10 y 10 − 228x 5 y 15 + y 20 , T(x, y) = x 30 − 522x 25 y 5 − 10, 005x 20 y 10 − 10, 005x 10 y 20 + 522x 5 y 25 + y 30 .
An important fact in other contexts is that the generating invariants satisfy an algebraic relation in degree 60:
Associated with an I-invariant G is an I-equivariant rational map-I-map for short-whose degree is one less than that of G. An equivariant is a map f that commutes with a group action A and thereby respects group orbits. In symbolic terms,
also a group orbit. Accordingly, an I-map can be pushed down to a map on the quotient space CP 1 /I consisting of equivalence classes of group orbits. We will put this property to computational use below. In the icosahedral case, maps of degrees 11 and 19 generate the module of I-maps over the ring of I-invariants. This module contains I-maps of the form
where R and S are I-invariants such that the degrees of each product are the same. Generators for I-maps result from applying a differential operator to the I-invariants F and H:
φ(x, y) = − ∂F ∂y , ∂F ∂x =(−x 11 + 66x 6 y 5 + 11xy 10 , 11x 10 y − 66x 5 y 6 − y 11 ),
20(x 19 + 171x 14 y 5 + 247x 9 y 10 − 57x 4 y 15 ) .
Due to the relation (1), we need not include a map derived from the invariant T.
Rational Maps on CP 1 as Branched Self-Covers
A map f :
is a covering map. A basic problem set by William Thurston is to determine a condition on a branched self-cover f of CP 1 that reveals whether or not f is topologically conjugate to a rational map. Thurston formulated a negative result: a branched self-cover is not conjugate to a rational map when and only when a certain combinatorial obstruction exists [6] .
In recent work, Dylan Thurston discovered a positive characterization for rationality ( [7, 8] ). Central to the theory is an elastic graph spine G f in CP 1 − C f the existence of which is necessary and sufficient for the self-cover to be conjugate to a rational map. (The full result applies to a class of maps that is larger than those with periodic critical points, but such maps are the focus here.) Put briefly, a "Thurston spine" is a graph (1) to which CP 1 − C f can be continuously deformed and (2) with a length function-giving rise to an elastic energy-defined on its edges such that when f −1 is applied to the graph, the edges loosen in the sense of a decrease in elastic energy.
The cases of the 11-map, 19-map, and degree-31 soccer ball maps realize dynamical polyhedra with complementary antipodal behavior. That is, the sphere is carved into a cell-division with antipodal structure whose bounding edges form a graph G. Define a self-cover of CP 1 by stretching a cell onto the complement of its antipodal cell. Up to homotopy, the resulting map h is rational provided that it admits a Thurston spine. In private correspondence, Peter Doyle observes that the dual graph G of G-essentially the dual polyhedron-gives such a spine. Backward iteration of h relaxes the edges of G.
Taking inspiration from these examples, we'll construct, for each map f with 60 internally periodic critical points, an approximation to a graph in CP 1 with dynamical integrity. Such a graph gives an f -invariant system of edges E f that encloses faces with 2, 3, and 5-fold symmetry and whose vertices are the critical points. Since the maps are rational, they admit a Thurston spine. However, we can turn the discussion around and conjecture that, for each dynamical polyhedron of a 31-map with its topological description as a self-cover of the sphere, there is a natural Thurston spine. Note that, in the description of the self-covering behavior, a face F maps to the complement of a cluster of faces that contains either F or its antipodal face. Perhaps such a spine can be built by taking an I-invariant graph that is dual to the polyhedral graph E f and thereby encloses the critical points.
In addition, self-coverings like the type discussed here might have a role to play in the problem of synchronization in a network. The difficulty there is to determine stochastic conditions acting on a population of agents that are favorable for the formation of consensus-a state which other states approach asymptotically through a dynamical process [9] .
Icosahedral Maps with Periodic Critical Orbits
Our first task is to uncover each I-map f whose internally-periodic critical set C f consists of a single I-orbit of size 60. For such a critically-finite map, C f is a superattracting set; that is, the iterate f n that fixes each periodic critical point is topologically equivalent to a power map
on a neighborhood of (0, 0). Furthermore, the collective basins of attraction for the points in C f fill the sphere in the sense of measure. As described in [3], maps with 60-point critical sets occur in degree 31 and the family of "31-maps" is given by
To determine members of this family with periodic critical points, we follow a suggestion made by Peter Doyle and consider the maps induced on the quotient space Q = CP 1 /I. First, note that the quotient map q :
Using an inhomogeneous parameter Z = X Y , an I-orbit is the collection of solutions z to
Expressed diagrammatically (with the parameters suppressed), f is the lift of a map f on Q:
is the critical set.
Invariant theory tells us that C f is I-invariant and thus expressible as a polynomial in F and H. Note that we can dispense with the invariant T in light of the degree-60 relation (1) . Since C f has degree 60, it can be expressed in terms of the quotient coordinates X = F 5 and Y = H 3 .
Fact 1.
The critical polynomial of f descends to Q as
Now, we need to express the 31-maps f on the quotient. First, note that composing an I-invariant with an I-map results in an I-invariant. In the present context, we obtain
where F 5 and H 3 are replaced by quotient coordinates X and Y after the I-invariants F( f (x, y)) and H( f (x, y)) are expressed in terms of F and H. Computation of the lengthy expressions for the components of f can be found at [4] .
To determine 31-maps with periodic critical points, we impose the condition that [1, 5] fixes the point C f projectively in Q; that is,
Note the use of homogeneous parameters (a, b), one of which is spent arranging for Γ to be fixed. Furthermore, the fixed point condition in the quotient results in maps f on CP 1 for which the critical set is internally periodic-that is, fixed setwise. Accordingly, C f decomposes into cycles, the lengths of which are constrained by the action of I.
and the period of v equals the order of A which is 2, 3, or 5.
Attention now turns to the equation f (Γ) = λ Γ in (a, b) whose solutions yield maps with 60 internally periodic critical points. This equation has the same solutions as one that is homogeneous in (a, b), namely
where P k is a degree-k polynomial in a and b.
Fact 3. The three maps determined by the explicit factors involve a degeneracy to a lower degree map. For 3 a + 5 b = 0, we get the identity boosted by the degree-30 invariant: T · . The cases where a = 0 and b = 0 produce "boosted" versions of the 11-map and 19-map: H · φ and F · η.
Some intriguing numerology appears in the next factor. possess critical points at the orbits of size 20, 12, 30 with respective multiplicities 3, 5, 2 and respective periods 1, 1, 2.
The following three computational results treat the remaining factors in R Γ . Each root of a factor determines a 31-map whose critical points are periodic. Thus, P k gives k maps each of which has a critical set that decomposes into 60/p cycles of length p.
Fact 5. Let f (a,b) be a 31-map given by a root of
Then, C f (a,b) decomposes into 30 cycles of period two. 
Then, C f (a,b) decomposes into 20 cycles of period three.
Fact 7. Let f (a,b) be a 31-map given by a root of
Then, C f (a,b) decomposes into 12 cycles of period five.
In the period-2 cases, the critical sets exhibit both achiral and chiral structures. For maps with critical cycles of length three or five, the configurations of critical points are chiral.
Periodic Cycles
We begin by determining which cycles occur. The proof of Proposition 1 indicates that, when an I-map f satisfies f (x) = Ax for some A ∈ I, the cyclic orbits of x under f and A coincide. Although the critical sets for the maps are disjoint, most of them take on a "rhombicosidodecahedral" pattern that consists of 30 quadrilaterals, 20 triangles, and 12 pentagons. We'll refer to such a structure as B 62 . There are five exceptions: the two soccer ball maps and the maps mentioned earlier whose critical sets degenerate into 12 pentagonal centers, 20 triangular centers, and 30 quadrilateral centers.
First, consider a "schematic" B 62 as a configuration of 60 vertices and one of the 15 order-2 axes a 2 through a pair of antipodal quadrilaterals. The stabilizer of a 2 in I is the dihedral group D 2 under which the B 62 vertices decompose into fifteen sets of four points. A schematic B 62 appears in Figure 1 . With a 2 at the center, the labels indicate pairings specified by the D 2 action. Of course, for each label, another pair occurs on the hidden hemisphere. There are twelve non-antipodal pairs each of which corresponds to a root of P 12 and thereby to a 31-map. For example, the map corresponding to the four points (two are hidden from view) labeled 1 exchanges the pair on the near side as well as the pair on the far side. The map has the same effect on the fourteen other quadruples of vertices that are in the I-orbit of the quadruple labeled 1.
As for the eight points labeled 13, they appear in antipodal pairs and can be associated with three maps: the special map with doubly-critical behavior at the 30-point orbit and the two soccer ball maps. Under a map associated with label 13, the image of a critical point is its antipode. Accordingly, the critical sets of these maps have achiral arrangements.
Similar considerations hold in the cases of 3-fold and 5-fold axes where the stabilizing subgroups are D 3 and D 5 . Respectively, the actions of the stabilizers decompose B 62 vertices into orbits of size six and ten. These dihedral orbits appear as ten pairs of triples and six pairs of quintuples. For each of the two 3-cycles that a pair of triples can undergo, there's a map given by a root of P 20 that cycles the triple in the prescribed way-as well as each triple in its I-orbit. This behavior accounts for all 20 of the maps obtained from the roots of P 20 . In the case of a 5-fold axis a 5 , each pair of quintuples can undergo four distinct 5-cycles. Since there are six such quintuple pairs associated with a 5 , we count a total of 24 distinct 5-cycles of B 62 vertices, one for each root of P 24 . Thus, for a 31-map obtained from a P 24 root, each B 62 vertex undergoes an I-equivalent 5-cycle.
When a B 62 configuration is chiral-as in most of the period-2 and all of the period-3 and period-5 cases, each map f (z) has a holomorphic partner f (z) = f (z), obtained by conjugating the coefficients. In geometric terms, the critical configurations for f and f are mirror images across a great circle of icosahedral symmetry so that, if the triples or quintuples of critical points for f undergo a cycle in one orientation, the triples or quintuples for f are cycled in the opposite orientation, thereby producing distinct and inverse permutations as seen on a schematic B 62 . 
Special Behavior on a Fundamental Domain
Our ultimate goal is to manufacture polyhedral structures that are naturally associated with critically-finite 31-maps. Before taking up that issue, let's consider the elegant behavior of two such achiral maps when restricted to a fundamental domain under the extended icosahedral group I. Strictly speaking, the collection of fundamental domains provides a polyhedral structure, but only for achiral maps. Subsequent constructions will be based specifically on the configuration of critical points. Figure 2 displays critical configurations for two maps g and h; note that each set is achiral, takes on a B 62 structure, and has period-2 critical points. In homogeneous coordinates, The achirality of g and h results from the fact that g = g and h = h, which, in turn, are properties due to these two maps arising from real roots of P 12 . As a result, the maps are equivariant under reflection through the real axis (that is, complex conjugation) as well as under reflection through each of the fourteen other great circles that form the icosahedral system of 120 triangles on the sphere-called "235 triangles" due to the order of the subgroup of I that stabilizes one of the three vertices. Accordingly, we can take a 235 triangle X for a fundamental domain of I. (Illustrated in Figures 3 and 4 . Note the abuse of notation here. The decomposition into fundamental domains is rendered on the sphere, whereas I acts on the plane of complex numbers.)
Because the great circles of reflective symmetry are pointwise fixed by a reflection in I, general equivariant theory requires that an achiral I-map preserves such a circle setwise. It follows that the image of a fundamental triangle X is the union of such triangles. In fact, the plot reveals that g(X) = X ∪ L g where L g is the lune formed by extending the sides of X that form its right angle. Beginning at the 2-fold vertex p, extend one edge away from the 5-fold vertex and extend the other edge toward the 3-fold vertex. Continue the extensions along the respective great circles until they meet at the antipode of p. On the left, we see the collection of 120 triangles into which the sphere is carved by the 15 lines of reflective icosahedral symmetry. One such 235 triangle is filled with line segments parallel to the hypotenuse and having a color gradient running perpendicular to the hypotenuse. Any one of the 235 triangles is fundamental relative to the extended icosahedral action I. That is, applying the elements of I to the triangle will tile the sphere as the plot shows. The image on the right plots the result of applying g to each of the segments in the shaded triangle on the left. Exactly 31 of the 235 triangles are covered by the image-thus revealing g's topological and algebraic degrees.
Referring to the image on the left in Figure 3 , X is approximately foliated by line segments parallel to its hypotenuse-the segment color varies from green to blue. The distinguished point on the interior of the hypotenuse is critical. On the right, we see the images of the foliating segments. The bending and attracting behavior that occurs at the critical point's image illustrates the map's branching there.
Since L g is one-quarter of the sphere, it encloses 30 fundamental triangles. Hence, g maps X to 31 fundamental triangles, a topological manifestation of g's degree.
An exactly analogous description applies to h, depicted in Figure 4 . In this case, h(X) = X ∪ L h and the lune L h forms by extending the respective perpendicular sides of X from the 2-fold vertex away from the 3-fold vertex and toward the 5-fold vertex. 
Dynamical Polyhedra
Realizing the structure of a spherical polyhedron requires a system of edges between critical points that appears naturally from a map's behavior. Serving as an archetype is the soccer ball map where the collection of edges is a forward invariant set in which the image of a single face K is a union of faces that are canonically associated with K-namely, the complement of K's antipodal face.
Constructing Edges
What follows is a fairly elaborate description of a method that, for a 31-map f , constructs edges between adjacent vertices (periodic critical points). Working on the sphere, adjacency is determined by triangular and pentagonal arrangements of critical points nearest to 3-fold and 5-fold axes. In every case, a common heuristic element first connects adjacent vertices by a great-circle arc. Given such a "proto-edge" T 0 or P 0 (depending upon whether the arc spans adjacent triangular vertices (t 1 , t 2 ) or pentagonal vertices (p 1 , p 2 ), we use the image f (T 0 ) or f (P 0 ) to indicate a collection of edges to which an actual edge maps. To be specific, say that we're approximating an actual pentagonal edge P that spans (p 1 ,p 2 )-illustrated in Figure 5 . The procedure generates the actual edge as a result of an infinite number of iterative steps.
The first step identifies an ordered set of B 62 vertices
through which f (P) is to pass. Given an adjacent pair of triangular vertices (v k−1 , v k ), there's a unique element S k ∈ I such that either
is an adjacent pair of pentagonal vertices, a unique S k ∈ I satisfies either
. . , v m ) is now spanned by great circle arcs.
In order to approximate a triangular edge T, the technique gives pushed edges
where Z k ∈ I is the analogue of S k and Y k is either P 0 or T 0 . Comparing the pushed paths (Q 1 0 , . . . , Q m 0 ) and (U 1 0 , . . . , U n 0 ) to the respective images f (P 0 ) and f (T 0 ) reveals their homotopic equivalence, as Figure 5 illustrates in the plane. There's a degree of freedom in choosing the endpoints of the Q k 0 and U k 0 . Here, we select endpoints so that a map's geometric description respects "P-caps"-a pentagonal face with its surrounding five triangles and five quadrilaterals. Figure 6 shows a schematic P-cap in a planar B 62 structure.
In step two, we use suitable branches of f −1 to pull back the pushed segments (Q 1 0 , . . . , Q m 0 ) to a first generation edge P 1 between (p 1 , p 2 ). In practice, this is accomplished as follows:
1. Select equally-spaced points (b 1 k , . . . , b n k k ) along each Q k 0 . 2. Compute the elements in f −1 (b k ) for = 1, . . . , n k . 3. Extract from f −1 (b k ) the inverse image points (a 1 k , . . . , a n k k ) that minimize the sum of the distances to p 1 and p 2 . 4. Taylor expand f about a k for = 1, . . . , n k . 5. Obtain the desired single-valued branch γ k of f −1 by inverting the Taylor series for f at a k .
The choice of branch yields
6. Compute the "pulled" segmented paths that span (p 1 , p 2 ):
Notice that, in a pulled segment, different branches of the inverse map are applied to the same parametrized segment Q k 0 . We arrive at the appropriate pulled segment by selecting a subinterval of the parameter interval. In the triangular case, we get first-generation pulled edges (T 1 1 , . . . , T n 1 ). Step three begins an iteration of the process by moving the pulled segments to the pushed locations:
and
where X k 1 and Y k 1 are either P k 1 or T k 1 . Observe that the subscript of P, Q, T, and U is the generation number. The group elements S k and Z k act on each component of the respective X k 1 or Y k 1 . For example,
Applying the push transformations S k to the centers of Taylor expansion a r produces a fresh set of points b ,1 k = S k (a 1 ), . . . , b
,n k k = S k (a n k ) on the pushed segments Q k, 1 . Inverse images of the b ,i k then become a new set of Taylor centers a ,i k with associated branches γ ,i k of f −1 . Next, the fourth step constructs second-generation segments at (p 1 , p 2 ) and (t 1 , t 2 ) by pulling back the pushed edges. For a pentagonal edge,
The second-generation approximation of P is the collection of segments (P 1,1 2 , . . . , P 1,n 1 2 ), . . . , (P m,1 2 , . . . , P m,n m 2 ) .
As before, when the second-generation segments are pushed and then pulled, the group elements distribute over components, whereas the components distribute over the branches of f −1 .
Letting the number of iterations of the push-pull algorithm grow without bound, the edge P emerges:
where (k i ) ranges over all permissible sequences. Grouping the push-pull action as γ • S produces a set that spans the endpoints of P 0 . A similar dynamic yields a triangular edge T. Evidently, for a selected (k i ), the procedure converges due to the collection γ k r−1 ,...,k 1 k r • S k r being a normal family ([2], Theorem 9.2.1). In more geometric terms, under f , a proto-edge undergoes a net expansion. As exemplified in Figure 5 , P 0 experiences roughly a three-fold stretch and T 0 expands approximately by a factor of five. The expanding behavior occurs on the complement of a neighborhood of the superattracting periodic points. When pulled back, the pieces of the pushed proto-edges that are bounded away from the critical points undergo a net contraction reciprocal to the expansion under forward iteration. In each push-pull cycle, this contraction occurs away from points in the pre-critical set ∪ k f −k (C f ), while the push transformation is a spherical isometry. The iterative effect of this contraction is clustering among the pulled-back points.
With P and T in hand, the icosahedral action produces a system of edges for a dynamical polyhedron: E f = I(P) ∪ I(T). Graphical constructions of second-generation approximations for the 31-maps appear in the following section. This construction satisfies a key property of a dynamical polyhedron.
covers. Note that E f is close to being a subset of
Using a map-coloring procedure, we can discern which faces f (A) covers. Given a map f (z) on C, define color functions for hue and luminosity
where Arg(z) ∈ [0, 2 π] is a branch of the argument taken modulo 2 π. Each function takes on values in [0, 1] with hue varying from blue to green and luminosity from bright to dark. The plots on the right show E f overlaid on a reference coloring for the identity map I. On the left, we see the pulled-back faces on top of the coloring for a 31-map f . By matching the color properties of a pre-face on the left with those of a face on the right, we can determine which face turns out to be its image. That is, f (z) = w when (H f (z), L f (z)) = (H I (w), L I (w)).
For instance, the point at infinity is the center of a pentagonal face P ∞ . As a consequence, | f (z)| is large and dark pentagonal pre-faces cover P ∞ .
The maps are classified according to their combinatorial and topological descriptions. Pullback structures within a class are topologically equivalent.
By way of illustrating the combinatorics and topology, we consider the map g introduced previously. Its critical set realizes an achiral B 62 configuration whereby the critical points lie on the mirrors of reflective icosahedral symmetry. As is the case for all of the 31-maps, the centers of a pentagon and triangle are fixed by g while a quadrilateral's center is sent to its antipode.
The geometric behavior of g differs from that of the two soccer ball maps-which are not included here since their dynamical polyhedra do not have B 62 structure and they have been considered elsewhere. A face does not map to the complement of an antipodal face, as that would require the degree to be 61. Computational graphics (plots at the top of Class I) reveal that g wraps a face onto a union of P-caps that is icosahedrally associated with the face. The image of a pentagonal face P covers the cap to which it belongs as well as the five caps that intersect P's cap. For a triangular face T, g(T) covers the three caps whose intersection includes T. Finally, the image of a quadrilateral Q covers the complement of four P-caps two of which intersect Q while the other two caps intersect the former two caps.
Using its geometric description, we can work out g's topological degree by counting inverse images. The relevant data are recorded in Table 1 as the number of faces of each type that belong to the g-image of a given face-type. For instance, the first row reports that a pentagon maps to six caps the union of which contains six pentagons, fifteen triangles, and twenty quadrilaterals. The number of times a pentagonal face is covered equals the total number of pentagons that appear as images of faces divided by the number of pentagonal faces. Reading down the P column, 12 · 6 + 20 · 3 + 30 · 8 12 = 31.
Similar treatment of triangular and quadrilateral faces yields the number of faces in the inverse image of the respective face: 12 · 15 + 20 · 10 + 30 · 8 20 = 12 · 20 + 20 · 12 + 30 · 15 30 = 31.
The gallery of plots places the maps into combinatorial classes, with three exceptions. Each class has a complementary class for which the topological description replaces "n P-caps about X" by "complement of n P-caps about X" and "complement of n P-caps about X" by "n P-caps about X" where X is the antipode of X. Of course, a chiral map f and its heterochiral partner f (not shown) belong to the same class. Table   Tables 2-14 Table 7 . Class IIIc P T Q a · X ←− Total Number of Times X Faces Are Covered P −→ 6 5 10 12 · P ←− 12 · 6 + 20 · 3 + 30 · 8 = 12 · 31 T −→ 3 1 3 20 · T ←− 12 · 5 + 20 · 1 + 30 · 18 = 20 · 31 Q −→ 8 18 25 30 · Q ←− 12 · 10 + 20 · 3 + 30 · 25 = 30 · 31 Class IV P −→ P = complement of 11 P-caps about P T −→ complement of nine P-caps about T Q −→ ten P-caps about Q period 5 period 5 Table 8 . Class IV P T Q a · X ←− Total Number of Times X Faces Are Covered P −→ 1 0 0 12 · P ←− 12 · 1 + 20 · 3 + 30 · 10 = 12 · 31 T −→ 3 1 3 20 · T ←− 12 · 0 + 20 · 1 + 30 · 20 = 20 · 31 Q −→ 10 20 29 30 · Q ←− 12 · 0 + 20 · 3 + 30 · 29 = 30 · 31 Class IVc P −→ complement of P = 11 P-caps about P T −→ nine P-caps about T Q −→ complement of ten P-caps about Q period 2 Table 9 . Class IVc P T Q a · X ←− Total Number of Times X Faces Are Covered P −→ 11 20 30 12 · P ←− 12 · 11 + 20 · 9 + 30 · 2 = 12 · 31 T −→ 9 19 27 20 · T ←− 12 · 20 + 20 · 19 + 30 · 0 = 20 · 31 Q −→ 2 0 1 30 · Q ←− 12 · 30 + 20 · 27 + 30 · 1 = 30 · 31 Class V P −→ one P-cap about P T −→ complement of nine P-caps about T Q −→ complement of 7-block about Q (7-block = Q-cap − 2 · Q) period 2 Table 10 . Class V P T Q a · X ←− Total Number of Times X Faces Are Covered P −→ 1 5 5 12 · P ←− 12 · 1 + 20 · 3 + 30 · 10 = 12 · 31 T −→ 3 1 3 20 · T ←− 12 · 5 + 20 · 1 + 30 · 18 = 20 · 31 Q −→ 10 18 27 30 · Q ←− 12 · 5 + 20 · 3 + 30 · 27 = 30 · 31 Class Vc P −→ complement of one P-cap about P T −→ nine P-caps about T Q −→ 7-block about Q period 5 Table 11 . Class Vc P T Q a · X ←− Total Number of Times X Faces Are Covered P −→ 11 15 25 12 · P ←− 12 · 11 + 20 · 9 + 30 · 2 = 12 · 31 T −→ 9 19 27 20 · T ←− 12 · 15 + 20 · 19 + 30 · 2 = 20 · 31 Q −→ 2 2 3 30 · Q ←− 12 · 25 + 20 · 27 + 30 · 3 = 30 · 31 Exceptional cases P −→ six P-caps about P T −→ complement of three P-caps at T Q −→ two P-caps ∪ 2 · P ∪ 2 · Q about Q period 2
Periodic
Exceptional cases P −→ six P-caps about P T −→ complement of three P-caps at T Q −→ two P-caps ∪ 2 · P ∪ 2 · Q about Q period 2 P −→ 6 15 20 12 · P ←− 12 · 6 + 20 · 9 + 30 · 4 = 12 · 31 T −→ 9 10 18 20 · T ←− 12 · 15 + 20 · 10 + 30 · 8 = 20 · 31 Q −→ 4 8 11 30 · Q ←− 12 · 20 + 20 · 18 + 30 · 11 = 30 · 31 P −→ one P-cap about P T −→ T Q −→ 18 T-caps about Q (complement of Q ∪ 2 · T) period 3 Table 13 . Exceptional case P T Q a · X ←− Total Number of Times X Faces Are Covered P −→ 1 5 5 12 · P ←− 12 · 1 + 20 · 0 + 30 · 12 = 12 · 31 T −→ 0 1 0 20 · T ←− 12 · 5 + 20 · 1 + 30 · 18 = 20 · 31 Q −→ 12 18 29 30 · Q ←− 12 · 5 + 20 · 0 + 30 · 29 = 30 · 31 P −→ complement of six P-caps about P T −→ complement of six P-caps about T Q −→ six P-caps about Q period 5 · P ←− 12 · 6 + 20 · 6 + 30 · 6 = 12 · 31 T −→ 6 4 9 20 · T ←− 12 · 5 + 20 · 4 + 30 · 16 = 20 · 31 Q −→ 6 16 21 30 · Q ←− 12 · 10 + 20 · 9 + 30 · 21 = 30 · 31
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